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This paper is concerned with a basic neutral type difference equation which
depends on four parameters. By means of the theory of envelopes, we determine
the exact range of the parameters for which the corresponding equation is
oscillatory. Q 1998 Academic Press
Given an equation which depends on several parameters, it is desirable
to find the exact dependence of the qualitative behavior of the set of
solutions of this equation on these parameters. In this paper, we will be
concerned with a neutral difference equation which depends on four
parameters. The solution space of this equation is said to be oscillatory if it
contains oscillatory sequences only. Since the solution space depends on
the four parameters mentioned, it is of interest to determine the exact
range of the parameters for which the solution space is oscillatory. Such a
w xproblem is not new. For example, in 1 , a difference equation of the form
x y x q px q qx s 0nq1 n nyt nys
is studied, and the exact range of the parameters t , s , p, and q are
determined for which the associated solution space is oscillatory.
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In this paper, we will be concerned with a neutral difference equation of
the form
D x q px q qx s 0, n s 0, 1, 2, . . . , 1 .  .n nyt nys
where p, q are real numbers, t is a positive integer, and s is a
nonnegative integer. This equation is basic among various neutral type
difference equations and has been studied by a number of authors see,
w x .  .e.g., 4]7 and the references cited therein . Since 1 is a recurrence
relation, an existence and uniqueness theorem is valid for its solutions,
 .  4where by a solution of 1 , we mean a real sequence of the form xn
 4  .defined for n G ymax t , s which satisfies the relation 1 . As is custom-
 .ary, a solution of 1 is said to be oscillatory if it is neither eventually
 .positive nor eventually negative. Equation 1 or its solution space is said
to be oscillatory if all solutions are oscillatory.
In order to meet the goal set out in the first paragraph, we will base our
investigations on the theory of envelopes recall that given a family of
curves, a curve that is tangent at each of its points to some curve of the
w x.family is called the envelope of the given family 2 . Again, such an idea is
not new and has been proven successful in dealing with the equation
w xstudied in 1 . Needless to say, however, the details here will be quite
w xdifferent from those in 1 .
We begin by mentioning the following result which is well known and
 w x.can be found in various places see, for example, 3, Theorem 7.1.1 .
 .LEMMA 1. E¨ery solution of 1 is oscillatory if , and only if , the character-
istic equation
l y 1 q lyt l y 1 p q qlys s 0 2 .  .
 .of 1 has no positi¨ e roots.
 .To facilitate discussions, we will also classify Eq. 1 into five different
 .cases by means of the following mutually exclusive conditions: i t s s s 1,
 .  .  .  .  .  .ii t s s ) 1, iii t ) s , iv 8 F t - s - r t , and v s G r t and
s ) 1, where
2’’2 t q 1 q t y 1
r t s , t s 1, 2, . . . . 3 .  .
2
 .  .  .  .Note that r 1 s 1, r 2 s 2.081 . . . , . . . ,r 6 s 6.801 . . . , r 7 s 8, . . . .
 .  .  .Furthermore, r9 x ) 1 for x ) 0. Thus r t s t for t s 1, r t ) t for
 .  .2 F t F 6, r t s t q 1 for t s 7 and r t ) t q 1 for t G 8. This shows
that the above conditions are indeed exhaustive.
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 .THEOREM 1. Suppose s s t s 1. Then 1 is oscillatory if , and only if ,
 .2q ) 1 q p r4.
 .Proof. When t s s s 1, the characteristic equation of 1 is given by
f p , q , l ' l2 y l q l y 1 p q q s 0. 4 .  .  .
 .Since we are concerned with positive roots of 4 , attention will be
w x  .restricted to the case where l ) 0. As in 1, 2 , we can interpret 4 as an
equation describing a family C of straight lines where p and q are the
coordinates of points of the straight lines and l is a parameter. By giving
l a specific numerical value, we obtain the equation of one of the straight
 .lines of the family. In our case, it is clear that for each positive l, 4 is the
w xequation of a straight line. Thus 2, Chap. 4 the envelope of the family of
 .curves defined by 4 is determined by the pair of equations
f x , y , l s 0, .
f x , y , l s 2l y 1 q x s 0. .l
The corresponding pair of parametric equations are easily obtained and
given by
x l s 1 y 2l .
2y l s l y 1 , .  .
where l ) 0. Clearly, the parametric equations describes a parabola C
defined by
21y s 1 q x . .4
Since this parabola is convex and touches the x-axis at x s y1, thus for
 .any point p, q above the parabola C, it is relatively easy to see that there
cannot exist any tangent of the parabola which also passes through this
 .point, while for any p, q on or below C, such a tangent can be drawn
 .  .see Fig. 1 . Note that a member of the family C defined by f p, q, l s 0
 .corresponds to a unique tangent of the parabola through the point p, q .
 .Thus in terms of the characteristic equation 4 , the above observations
 .imply that f p, q, l cannot have any positive roots if, and only if,
 .2q ) 1 q p r4. The proof is complete.
We remark that the proofs to be presented below will be based on
similar arguments, a clear understanding of the above proof is therefore
crucial at this point.
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 .  .  .2FIG. 1. x l s 1 y 2l, y l s l y 1 .
 .THEOREM 2. Suppose t s s ) 1. Then 1 is oscillatory if , and only if ,
either one of the following conditions holds:
 .  .ty1 ti p ) t y 1 rt and q G p; or
 .  .ty1 t  .2 ty1ii p F t y 1 rt and q ) t h y 1 h , where h is the unique
 . .root in t y 1 rt , ` of the equation
t
ty1p s t q 1 h y h . .  /t q 1
 .Proof. When t s s ) 1, the characteristic equation of 1 is given by
f p , q , l ' ltq1 y lt q l y 1 p q q s 0. 5 .  .  .
 .Since we are concerned with positive roots of 5 , attention will be
 .restricted to the case where l ) 0. Note that lim f p, q, l s q`,lª`
 .  .lim f p, q, l s q y p, and f p, q, 1 s q. Thus when q F 0 or whenlª 0q
q - p, the characteristic equation has a positive root. For this reason, we
will restrict our attention further to the case where q G p and q ) 0.
 .As in the proof of Theorem 1, we now interpret 5 as an equation
describing a family C of straight lines, where p and q are the coordinates
of points of the straight lines and l is a parameter. The envelope of the
family C is determined by the pair of equations
f x , y , l s 0, .
f x , y , l s t q 1 lt y tlty1 q x s 0. .  .l
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The corresponding pair of parametric equations is easily obtained and
given by
t
ty1x l s t q 1 l y l , 6 .  .  . /t q 1
2 ty1y l s t l y 1 l , 7 .  .  .
 .  .where l ) 0. The functions x l and y l are polynomials in l, and their
properties can easily be determined by means of standard analytic tech-
niques. To summarize, we infer from the derivatives
dx l t y 1 .
ty2s t t q 1 l y l , .  /dl t q 1
dy l t y 1 .
ty2s t t q 1 l l y 1 l y , .  .  /dl t q 1
dy
s 1 y l,
dx
d2 y t y 1
ty2s y1rt t q 1 l y l , .2  /t q 1dx
and other easily obtained information that the parametric curve is com-
posed of two curves C and C as shown in Fig. 2. The turning point z*1 2




 .and therefore the curve C corresponds to the case where l g 0, l# and1
w .  .C the case where l g l#, ` . Note that for l g 0, l# , the function y,2
as a function of x, has an initial slope 1, is strictly increasing and strictly
 .concave; and for l g l#, ` , y, as a function of x, is strictly convex. Note
also that the curve C intersects the straight line y s x at the point2
ty1 ty1
t y 1 t y 1 t y 1 .  .
x* l* , y* l* s , , where l* s . .  . . t t /t t t
Furthermore, we may assert that the part of the curve C to the left of the2
 .  . point x*, y* can be expressed as a function y s g x for x G t y
.ty1 t  .1 rt by first solving for the unique l in terms of x from 5 and then
 .substituting it into 6 . To see that this can be done, note that the
 .  .right-hand side of 6 is a continuous function of l g l*, ` which is
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1 1 1 82 .  .  .  .  .FIG. 2. s s t s 2, x l s l 2 y 3l , y l s 2 l y 1 l, l# s , l* s , z* s , ,3 2 3 27
1 1 .  .x*, y* s , .4 4
 .ty1 tstrictly decreasing from the value t y 1 rt to y`. Therefore, for any
 .ty1 t  .  .  . .x F t y 1 rt , 6 will have a unique root h s h x in t y 1 rt , ` .
As a consequence, if we let V be the region to the right of the vertical1
 .ty1 tline x s t y 1 rt and on or above the y s x line, and V the region2
 .ty1 ton or to the left of the vertical line x s t y 1 rt and above the curve
 .C , then for any point p, q in the half plane defined by q G p, there is a2
straight line through this point and tangent to the envelope C j C if,1 2
 .and only if, p, q f V j V . This statement needs a proof, but in view1 2
of Fig. 2, it can be obtained by elementary means. In terms of the
 .ty1 t  .characteristic equation, this says that when p ) t y 1 rt , f p, q, l
cannot have any positive roots if, and only if, q G p; and when p F t y
.ty1 t  .1 rt , f p, q, l cannot have any positive roots if, and only if, q )
  ..   . .2 ty1 .  . y h p s t h p y 1 h p where h p is the unique root in t y
. .1 rt , ` mentioned above. The proof is complete.
 .  .Next, we deal with the case where s G r t and s ) 1, where r t is
 .defined by 3 .
 .  .THEOREM 3. Suppose s G r t and s ) 1. Then 1 is oscillatory if , and
only if ,
t s y t2sq ) h h y 1 h y , .  / /s y t q 1 s y t q 1
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 .  . .where h is the unique root in s y t r s y t q 1 , ` of the equation
s q 1 s s y t
tp s h y h h y . /  /s y t q 1 s q 1 s y t q 1
 .Proof. When s G r t and s ) 1, then s ) t and the characteristic
 .equation of 1 is given by
f p , q , l ' lsq1 y ls q lsyt l y 1 p q q s 0. 8 .  .  .
 .Since we are concerned with the positive roots of 8 , attention will be
 .restricted to the case, where l ) 0. Note that lim f p, q, l s ` andlª`
 .f p, q, 1 s q. Thus when q F 0, the characteristic equation has a positive
root. For this reason, we will restrict our attention further to the case
where q ) 0.
 .As in the proof of Theorem 1, we now interpret 8 as an equation
describing a family C of straight lines, where p and q are the coordinates
of points of the straight lines and l is a parameter. The envelope of the
family C is determined by the pair of equations
f x , y , l s 0, .
f x , y , l .l
s s q 1 ls y slsy1 q s y t q 1 lsyt x y s y t lsyt x s 0. .  .  .
The corresponding pair of parametric equations is easily obtained and
given by
s q 1 s s y t
tx l s l y l l y , 9 .  . /  / /s y t q 1 s q 1 s y t q 1
t s y t2sy l s l l y 1 l y , 10 .  .  . / /s y t q 1 s y t q 1
where
s y t
l g 0, l# j l#, ` , l# s . 11 .  .  .
s y t q 1
 .  .The functions x l and y l are rational functions in l, and their
properties can easily be determined by means of standard analytic tech-
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niques. More specifically, we first formally calculate the derivatives,
2dx l yt s q 1 s y t .  .
ty1s l l y h l , . / /dl s y t q 1 s y t q 1
2dy l t s q 1 s y t .  .
sy1s l y 1 l l y h l , .  . / /dl s y t q 1 s y t q 1
dy
syts l 1 y l , .
dx
22 3d y s y t q 1 s y t . y1sy2ts l y l h l , 4 .2  /t s q 1 s y t q 1dx  .
where
2s 2 y 2st q 2s y t y 1 s s y t .
2h l s l y l q .
s q 1 s y t q 1 s q 1 s y t q 1 .  .  .  .
 .  2 2for l G 0. We then prove that h l G 0 and thus d yrdx is singular at
.only one point by showing that its discriminant is nonpositive:
222s y 2st q 2s y t y 1 4s s y t .
y 5s q 1 s y t q 1 s q 1 s y t q 1 .  .  .  .
22 2 22 t q 1 y 2s y t q 1 2 t q 1 y 2 t q 1 .  .  .  .
s F s 0,2 2 2 2
s q 1 s y t q 1 s q 1 s y t q 1 .  .  .  .
 .where we have used the fact that s G r t if, and only if
2’’2s y t q 1 G 2 t q 1 .
With these and other easily obtained information, we see that the para-
metric curve is composed of two curves C and C as shown in Fig. 3. The1 2
 .curve C corresponds to the case where l g 0, l# and C the case1 2
 .  .l g l#, ` . For l g 0, l# , y, as a function of x, is strictly increasing
 .and strictly concave, while for l g l#, ` , is strictly convex. Furthermore,
 .we may assert that the curve C can be expressed as a function y s g x2
 .for x ) l# by first solving for the unique l in terms of x from 9 and
 .then substituting it into 10 . To see that this can be done, note that the
 .  .right-hand side of 9 is a continuous function of l g l#, ` which is
strictly decreasing from q` to y`. Therefore, for any real number x, Eq.
 .  .  .9 has a unique root h s h x in l#, ` .
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 .  .  .  .  . 2 .2  .FIG. 3. s s 2, t s r 1 s 1, x l s l 2 y 3l r 2l y 1 , y l s l l y 1 r 2l y 1 .
As a consequence, if we let V be the region above the curve C , then2
 .for any point p, q in the upper half plane, there is a straight line through
 .this point and tangent to the envelope C j C if, and only if, p, q f V.1 2
This statement needs a proof, but in view of Fig. 3, it can be shown by
elementary means. In terms of the characteristic equation, this says that
 .f p, q, l cannot have any positive roots if, and only if,
t s y t2sq ) y h p s h h y 1 h y , .  . .  / /s y t q 1 s y t q 1
 .where h p is the unique root mentioned above. The proof is complete.
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In order to simplify the proofs of the next result in which the condition
 .8 F t - s - r t is assumed, we first investigate the properties of the
 .  .rational function T l see Fig. 4 defined by
s q 1 lt sr s q 1 y l . .
T l s , .
s y t q 1 l y s y t r s y t q 1 .  .
s y t
- l - `, 12 .
s y t q 1
where t - s - r. It is relatively easy to obtain the properties of this
function by standard analytic means. To summarize, if we let
2 2 2’2s y 2st q 2s y t y 1 y t q 2t q 1 y 4s y 4s q 4st
a s
2 s q 1 s y t q 1 .  .
13 .
and
2’s t q 1 y t q 1 y 4s s y t q 1 .  .  .
b s y , 14 .
s q 1 2 s q 1 s y t q 1 .  .
 .which are obtained by solving T 9 l s 0, then
s y t s
0 - - a - b - - 1,
s y t q 1 s q 1
18 .  .  .  .  .FIG. 4. t s 8, s s 9, T l s l 9 y 10l r 2l y 1 , s y t r s y t q 1 s .2
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 .  .and the function T l is strictly decreasing from q` to T a ) 0 over
 .  . .  .  .s y t r s y t q 1 , a , strictly increasing from T a to T b over
 .  .  .a , b , and strictly decreasing from T b to y` over b , ` . Therefore,
  .. y1   ...for any p g y`, T a , there is exactly one root T p g y`, T a of
the equation
T l s p .
 .   . . y1in b , ` ; for any p g T b , ` there is exactly one root T p g
  . ..  .  . . w  .  .xT b , ` in s y t r s y t q 1 , a ; and for any p g T a , T b ,
 . y1 w  .  .x. y1there are three perhaps nondistinct roots T p g T a , T b , T p1 2
w  .  .x. y1 w  .  .x.  .  . .g T a , T b and T p g T a , T b in s y t r s y t q 1 , `3
such that
s y t
y1- T p g T a , T b F a .  . .1s y t q 1
y1F T p g T a , T b F b .  . .2
y1F T p g T a , T b - `. .  . .3
 .As an example see Fig. 4 , take t s 8 and s s 9. Then
l8 9 y 10l .
T l s , .
2 l y 1 .
 .where l g 0.5, ` . Furthermore, a s 0.6 and b s 0.75 are the critical
 .points of T l .
Since the principles to be described below have been repeated several
times already, we will be brief in the proofs of the next four results.
 .  .THEOREM 4. Suppose 8 F t - s - r t . Then 1 is oscillatory if , and
only if , either one of the following conditions hold:
 .  .i p - T a and
2st h h y 1 .
q ) ,
s y t q 1 h y s y t r s y t q 1 .  .
h s Ty1 p g y`, T a , . . .
 .  .  .ii T a F p F T b and
2st h h y 1 .i i
q ) max , 5s y t q 1 h y s y t r s y t q 1is1, 2, 3  .  .i
y1h s T p g T a , T b , .  . .i i
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 .  .iii p ) T b and
2st h h y 1 .
q ) ,
s y t q 1 h y s y t r s y t q 1 .  .
h s Ty1 p g T b , ` , . . .
 .  . y1   ... y1 w  .  .x.where a , b , T a , T b , T p g y`, T a , T p g T a , T b ,1
y1 w  .  .x. y1 w  .  .x. y1   . ..T p g T a , T b , T p g T a , T b , and T p g T b , `2 3
are the critical points, maximum and minimum, and the roots associated with
 .the function T l defined abo¨e.
 .Proof. As in the proof of Theorem 3, when 8 F t - s - r t , the
 .  .characteristic equation of 1 is given by 8 , where l ) 0. For the same
reason as explained in the proof of Theorem 3, we will restrict our
attention to the case where q ) 0. The parametric equations of the
envelope of the family C of straight lines defined by the characteristic
 .  .  .  .equation is given by 9 and 10 for l g 0, l# j l#, ` , where l# s
 .  .s y t r s y t q 1 . The formal derivatives obtained in Theorem 3 are
 .still valid. However, the discriminant of the equation h l s 0, in view of
 .the fact that s - r t , is now positive, and hence, there are two roots for
 .the equation h l s 0. It can be verified that these two roots are just the
 .  .numbers a and b defined by 13 and 14 , respectively.
It is now easy to see that the envelope C of the family C consists of four
pieces of curves C , C , C , and C as shown in Fig. 5. The curve C1 2 3 4 1
 .  .corresponds to the case where l g 0, l# ; C the case where l g l#, a ;2
w x  .  .C the case where l g a , b ; and C the case l g b , ` . For l g 0, l# ,3 4
y, as a function of x, is strictly increasing and strictly concave. For
 .l g l#, a , y, as a function of x, is strictly increasing and strictly convex.
w xFor l g a , b , y, as a function of x, is strictly increasing and strictly
 .concave. Finally, for l g b , ` , y, as a function of x, is strictly convex.
As a consequence, if we let V be the common region above the curve
 .C , C , and C , then for any point p, q in the upper half plane, there is a2 3 4
straight line through this point and tangent to the envelope C if, and only
 .if, p, q f V. This statement needs a proof, but in view of Fig. 5, it can be
shown by elementary means. Finally, we may now conclude our proof by
 .  .  .noting that p, q g V if, and only if, either one of the assumptions i , ii ,
 .or iii holds. The proof is complete.
We now deal with the final case where 0 F s - t . For the sake of
convenience, we will consider three overlapping but exhaustive cases:
s s 0 and t s 1, or, t ) 1 and s s 0, or, t G s q 1.
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 . 8 .  .  .FIG. 5. t s 8, s s 9, l# s 0.5, a s 0.6, b s 0.75, x l s l 9 y 10l r 2l y 1 , y l
9 .2  .s 8l l y 1 r 2l y 1 .
 .THEOREM 5. Suppose s s 0 and t s 1. Then 1 is oscillatory if , and
’only if , p F 0 and q ) 1 y p y 2 yp .
 .Proof. When s s 0 and t s 1, the characteristic equation of 1 is
given by
f p , q , l ' l2 y l q l y 1 p q ql s 0. 15 .  .  .
 .Since we are concerned with positive roots of 15 , attention will be
 .restricted to the case where l ) 0. Note that lim f p, q, l s `,lª`
 .  .  .f p, q, 0 s yp, and f p, q, 1 s q. Thus when p ) 0 or q F 0, 15 will
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have a positive root. We will therefore restrict our attention further to the
case where p F 0 and q ) 0.
 .As in the proof of Theorem 1, we now interpret 15 as an equation
describing a family C of curves where p and q are the coordinates of
points of the curves and l is a parameter. The envelope of the family C is
 .  .determined by the pair of equations f p, q, l s 0 and f p, q, l s 0,l
and the corresponding parametric equations are easily obtained and given
by
x l s yl2 , y l s 1 q l2 y 2l .  .
 .where l ) 0. Equivalently, the envelope see Fig. 6 is defined by
’y s 1 y x y 2 yx , x F 0.
It is easily verified that the function y, as a function of x, is strictly convex
 .over y`, 0 . Therefore, if we let V be the region above the curve and on
 .or to the left of the y-axis, then for point p, q in the closure of the
second quadrant, there cannot exist any tangent of the envelope which also
 .passes through this point if, and only if, p, q g V. In terms of the
 .characteristic equation, this says that f p, q, l cannot have any positive
’roots if, and only if, q ) 1 y p y 2 yp . The proof is complete.
 .THEOREM 6. Suppose t ) 1 and s s 0. Then 1 is oscillatory if , and
only if , p F 0 and
2
t h y 1 .
q ) ,
t y t y 1 h .
 . 2  .  .2FIG. 6. s s 0, t s 1, x l s yl , y l s l y 1 .
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  ..where h is the unique root in 0, tr t y 1 of the equation
htq1
p s .
t y 1 h y t .
 .Proof. When t ) 1 and s s 0, the characteristic equation of 1 is
given by
f p , q , l ' ltq1 y lt q l y 1 p q qlt s 0. 16 .  .  .
 .Since we are concerned with positive roots of 16 , attention will be
 .restricted to the case where l ) 0. Note that lim f p, q, l s `,lª`
 .  .  .f p, q, 0 s yp, and f p, q, 1 s q. Thus when p ) 0 or q F 0, 16 will
have a positive root. We will therefore restrict our attention further to the
case where p F 0 and q ) 0.
 .As in the proof of Theorem 1, we now interpret 20 as an equation
describing a family C of straight lines where p and q are the coordinates
of points of the straight lines and l is a parameter. The envelope of the
 .family C is determined by the pair of equations f p, q, l s 0 and
 .f p, q, l s 0. The parametric equations of the envelope arel
ltq1
x l s , 17 .  .
t y 1 l y t .
2
t l y 1 .
y l s 18 .  .
t y t y 1 l .
  ..   . .for l g 0, tr t y 1 j tr t y 1 , ` . By means of standard analytic
techniques as seen several times before, we may assert that the envelope
consists of two curves C and C as shown in Fig. 7. The curve C1 2 1
  ..  .corresponds to the case where l g 0, tr t y 1 and for any point p, q
in the closure of the second quadrant, there cannot be a tangent of the
curve C which also passes through it if, and only if, it lies in the region1
above C . Such a region can be determined by first solving for the unique1
 .  .  .  .root h s h x in terms of x F 0 from 17 , then replace l by h x in 18
  ..   .. to yield y h x , and finally this region is described by q ) y h p s t h
.2   . . tq1  . .y 1 r t y t y 1 h where p s h r t y 1 h y t F 0. The proof is
complete.
CHENG AND LIN88
 . 3  .  .  .2  .FIG. 7. s s 0, t s 2, l# s 2, x l s l r l y 2 , y l s 2 l y 1 r 2 y l .
 .THEOREM 7. Suppose t ) s q 1 or t s s q 1. Then 1 is oscillatory if ,
and only if , p F 0 and
2 st h y 1 h .
q ) ,
t y s y t y s y 1 h .  .
  .  .  ..  where h is the unique root in sr s q 1 , t y s r t y s y 1 or sr s
. .q 1 , ` , respecti¨ ely, of the equation
s q 1 ht sr s q 1 y h .  . .
p s .
t y s y t y s y 1 h .  .
 .Proof. When t G s q 1, the characteristic equation of 1 is given by
f p , q , l ' ltq1 y lt q l y 1 p q qltys s 0. 19 .  .  .
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 .Since we are concerned with positive roots of 15 , attention will be
 .restricted to the case where l ) 0. Note that lim f p, q, l s `,lª`
 .  .  .f p, q, 0 s yp, and f p, q, 1 s q. Thus when p ) 0 or q F 0, 15 will
have a positive root. We will therefore restrict our attention further to the
case where p F 0 and q ) 0.
 .As in the proof of Theorem 1, we now interpret 19 as an equation
describing a family C of straight lines where p and q are the coordinates
of points of the straight lines and l is a parameter. The envelope of the
 .family C is determined by the pair of equations f p, q, l s 0 and
 .f p, q, l s 0, and the corresponding parametric equations are easilyl
obtained and given by
s q 1 lt sr s q 1 y l .  . .
x l s , 20 .  .
t y s y t y s y 1 l .  .
2stl l y 1 .
y l s , 21 .  .
t y s y t y s y 1 l .  .
where
t y s
l g 0, l# j l#, ` , l# s . .  .
t y s y 1
 .  .We now need to consider two separate cases: i 0 - s - t y 1, and ii
s s t y 1. Consider first the case where t ) s q 1. The envelope see
. X X X X XFig. 8 now consists of four curves C , C , C , C , and C corresponding1 2 3 4 5
 . w  ..respectively to the cases where l g 0, a , l g a , sr s q 1 , l g
w  . .  . w .sr s q 1 , l# , l g l#, b , and l g b , ` , where
2’s t q 1 y t q 1 q 4s t y s y 1 .  .
a s q ,
s q 1 2 s q 1 t y s y 1 .  .
and
2’s t q 1 q t q 1 q 4s t y s y 1 .  .
b s q .
s q 1 2 s q 1 t y s y 1 .  .
 .Furthermore, for any point p, q in the closure of the second quadrant,
there cannot be a tangent of the curve CX which also passes through the3
 .  . Xpoint p, q if, and only if, p, q lies in the region above C . Such a region3
 .can be determined by first solving for the unique root h s h x in terms of
 .  .  .   ..x F 0 from 20 , then replace l by h x in 21 to yield y h x , and finally
  ..this region is described by q ) y h p where p F 0.
CHENG AND LIN90
 . 3 .  .  .FIG. 8. s s 1, t s 3, l# s 2, a s 0.634, b s 2.618, x l s l 1 y 2l r 2 y l , y l sÇ Ç
 .2  .3l l y 1 r 2 y l .
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 . 3 .  . 2 .2FIG. 9. s s 2, t s 3, x l s l 2 y 3l , y l s 3l l y 1 .
Next we consider the case where 0 - s s t y 1. The envelope see
. Y Y YFig. 9 now consists of two curves C , C , and C corresponding respec-1 2 3
  .. w  .  ..tively to the cases where l g 0, sr s q 2 , l g sr s q 2 , sr s q 1 ,
w  . .  .and l g sr s q 2 , ` . Furthermore, for any point p, q in the closure
of the left half plane, there cannot be a tangent of the curve CY which also3
 .  .passes through the point p, q if, and only if, p, q lies in the region
above CY. Such a region can be determined by first solving for the unique3
 .  .  .  .root h s h x in terms of x F 0 from 20 , then replace l by h x in 21
  ..   ..to yield y h x , and finally this region is described by q ) y h p where
p F 0. The proof is complete.
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